arXiv:1507.08397v2 [math.DG] 4 Oct 2016 


FINITE TIME COLLAPSING OF THE KAHLER-RICCI 
FLOW ON THREEFOLDS 


VALENTINO TOSATTI AND YUGUANG ZHANG 

Abstract. We show that if on a compact Kahler threefold there is a 
solution of the Kahler-Ricci flow which has finite time collapsing, then 
the manifold admits a Fano fibration. Furthermore, if there is finite time 
extinction then the manifold is Fano and the initial class is a positive 
multiple of the first Ghern class. 


1. Introduction 

A Fano manifold is a compact complex manifold X with ample anticanon- 
ical bundle —Kx = Thanks to the Calabi-Yau Theorem [49], 

a compact complex manifold is Fano if and only if it admits a Kahler metric 
with positive Ricci curvature. 

A compact Kahler manifold X is said to admit a Fano fibration if there 
exists a surjective holomorphic map f : X ^ Y with connected fibers, 
where K is a compact normal Kahler space with 0 ^ dimK < dim A and 
such that —Kx is /-ample (see Definition 12.11 below for the definition of 
/-ampleness). In this case the generic fiber of / is a Fano manifold of 
dimension dim A — dimK. 

The simplest example of a Fano fibration is when K is a point, and A is 
a Fano manifold. Other simple examples are obtained by taking X = F xY 
where F is a Fano manifold and Y is any compact Kahler manifold. Fano 
fibrations are more general than Mori fiber spaces, where one requires in 
addition that the relative Picard number of / be equal to 1. 

It is easy to see that if A admits a Fano fibration then there exists a 
Kahler metric ujq on A such that the (unnormalized) Kahler-Ricci flow 

( 1 . 1 ) 1 

[ w(0) = Wo 

starting at ujq has a solution defined only for a finite time T > 0, and 
Vol(A, w(t)) ^ 0 as t —)• T (see right after the proof of Lemma 12.21 for 
details). We say that the Kahler-Ricci flow has finite time collapsing, by 
which we simply mean that the total volume of the manifold approaches 
zero in some finite time. It is known that if this happens then necessarily 
the Kodaira dimension of A is — oo (see [m Proposition 4.2]). See also 
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[nillllliailSlESlEHlESlESlETlIlQlEglliailllEniEI] and references 
therein for more results on finite time singularities of the Kahler-Ricci flow. 

In this article we study the converse question, and we formulate precisely 
the following conjecture which has been part of the folklore of the subject: 

Conjecture 1.1. Let be a compact Kdhler manifold. Then there exists 
a Kdhler metric uq such that the Kdhler-Ricci flow dni) has finite time 
collapsing if and only if X admits a Fano fibration f : X ^ Y. In this case, 
we can write 

(1.2) [wo] = -2tiTci{Kx) + rKl, 

for some Kdhler metric ojy on Y, where T is the maximal existence time of 
the flow. 

Since Y need not be smooth, in this statement a Kahler metric on Y is 
in the sense of analytic spaces (see e.g. P O [231 [48]). Also, the factor of 
27r in is due to our definition of Ricci form, locally given by Ric(a;) = 
—^/^cl51ogdet(g'), so that [Ric(w)] = 27rci(A). 

Recall now that a (1,1) class [a] G M) is called ne/if it lies in the 

closure of the Kahler cone, i.e. if it is a limit of Kahler classes. For example, 
if w(f) is a solution of the Kahler-Ricci flow on X with 0 ^t < T < oo, then 
the limiting class [a] = limt_>. 7 ’[a;(t)] is always nef. 

We can now state the following conjecture in analytic geometry, which 
does not mention the Kahler-Ricci flow, and which is in fact equivalent to 
Coniectnre ll.il fsee Theorem 12.3p : 

Conjecture 1.2. Let X'^ be a compact Kdhler manifold. Then X admits a 
Fano fibration f : X ^Y if and only if there exists a closed real (1,1) form 
a with [a] G H^’^{X,'M.) nef, with f^a^ = 0 and with 

[a]+Xci{X) 

a Kdhler class, for some positive real number A. In this case, we can write 

(1.3) [a]=r[a;y], 
for some Kdhler metric ojy on Y. 

In particular, if this conjecture holds, then [a] contains a smooth semi¬ 
positive representative (cf. [441 Conjecture 1], where it is conjectured that 
this holds even without the assumption that oF = 0). As explained in 
section O it is well-known that Conjecture 11.21 is true if X is projective and 
[a] G {X, Q) , as a simple consequence of the base-point-free theorem [26] , 
and in fact more generally when X is projective and [a] belongs to the real 
Neron-Severi group NS's^{X). So our main interest in this problem is when 
the manifold X is not projective, or when the class [a] is not in NS^{X). 

As an aside, we remark that an analogous statement as in Conjecture 11.21 
should be true when the class [a] satisfies instead a"' > 0. In this case 
there should exist a bimeromorphic morphism f : X ^ Y to a compact 
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normal Kahler space V (of dimension n) such that ()1.3I) holds. This state¬ 
ment follows from the results in [23] if the extremal face in NA{X) of classes 
which intersect trivially with [a] is in fact a ray (see [23] for notation), but 
this is not the case in general. 

We also consider the following related conjecture, raised by Tian |33l 
Conjecture 4.4] (see also [35]). 

Conjecture 1.3. Let {X'^,oJo) be a compact Kahler manifold, let uj{t) be 
the solution of the Kdhler-Ricci defined on the maximal time interval 

[0,T) with T < oo. Then as t ^ T we have 

(1.4) diam(X, a;(t)) —)■ 0, 
if and only if 

(1.5) [cuo] = Aci(X), 
for some A > 0. 

Condition (II.4p is called finite time extinction, and Conjecture 11.31 states 
that finite time extinction happens if and only if the manifold is Fano and 
the initial class is a positive multiple of the first Chern class. Of course, 
as we will see in section [3] condition m implies that Vol(X, a;(t)) —)• 0 
as t —>■ T, i.e. that finite time extinction implies finite time collapsing. In 
the setting of Conjecture 11.11 finite time extinction corresponds to the case 
when Y is just a point. 

In general if (|1.5I) holds, then (|1.4I1 holds thanks to work of Perelman (see 
|34jl. who proved the stronger result that under the volume-normalized flow 
the diameter remains uniformly bounded above. If [wq] £ H‘^{X,Q) (so X 
is projective), then this conjecture was proved by Song [35] . 

Our main result is the following. 

Theorem 1.4. If n ^ 3 then Coniectures \l.l[ and rOI hold. 

In fact, we will show in Section [2] that in general Coniectures 11.11 and 11.21 
are equivalent (this is essentially elementary), and that Conjecture [LT] im¬ 
plies Conjecture 11.31 by modifying the arguments in [35] to show that once 
we have a Fano fibration, if the base Y is not a point then the diameter of 
{X,uj{t)) does not go to zero. We are then reduced to showing Conjecture 
o The case when n = 2 is not hard to deal with. For the case when n = 3, 
our main technical tool is the very recent completion of the Minimal Model 
Program for Kahler threefolds by Horing-Peternell [231 [24] , especially their 
construction of Mori fiber spaces on a bimeromorphic model of a uniruled 
Kahler threefold [24]. Using their results, together with some extra argu¬ 
ments due to the fact that the Fano fibrations that we seek to construct 
are more general than Mori fiber spaces, in Section [3] we construct the Fano 
fibration in the setting of Conjecture 11.21 
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In light of these results, it is desirable to study the behavior of the Kahler- 
Ricci flow on the total space of a Fano hbration, with initial metric satisfy¬ 
ing ([O]). This is in general a very hard problem. When T is a point this 
amounts to studying the Kahler-Ricci flow on Fano manifolds in the anti- 
canonical class. In general, it is expected (see (HU |43l |44] ) that as t T the 
evolving metrics u}{t) converge (in a suitable sense, away from the subvariety 
f~^{S) where S C T is the critical locus of / together with the singular set 
of Y) to f*ujY for some Kahler metric on Y\S. Furthermore {X,uj{t)) is 
expected to converge in the Gromov-Hausdorff topology to the metric com¬ 
pletion of (Y\S,u}y), which should be homeomorphic to Y. Lastly, for any 
given hber Xy = f~^{y),y G Y\S, the rescaled metrics should con¬ 

verge in a suitable sense to a (possibly singular) Kahler-Ricci soliton. These 
results are essentially known when K is a point (see uni ED IS!), and some 
progress has been made in the case of projective bundles da m ED SO], 
but not much more is known in general. 

Acknowledgments. We thank Andreas Horing for his crucial help with 
the proof of Theorem l2.7l Aaron Naber for useful discussions, and the referee 
for helpful comments. The hrst-named author is supported in part by NSF 
grant DMS-1308988 and by a Sloan Research Fellowship, and the second- 
named author by grant NSFC-11271015. This work was carried out while 
the hrst-named author was visiting the Yau Mathematical Sciences Center 
of Tsinghua University in Beijing, which he would like to thank for the 
hospitality. 


2. Finite time collapsing 

In this section we prove Coniectures 1 1.1 1 and 11.21 when re ^ 3. 

For the moment we work in general dimension re, and will restrict to re ^ 3 
later on. Recall the following standard dehnition (see e.g. ID p.140]): 

Definition 2.1. Let f : X ^ Y be a holomorphic map between compact 
complex analytic spaces. We say that a holomorphic line bundle L on X 
is f-ample if there exists i ^ 1 such that if we consider the coherent sheaf 
^ = f*{^L) on Y, then the natural map f*f^{iL) —>■ iL is surjective and 
defines an embedding <I> : A P(A) := Projy(Sym(JG)), such that / = 7ro<I> 
where tt : P(JG) Y is the projection, and so that iL = $*Op(j-)(l). 

To start, we make the following useful observation, which is well-known 
in the projective case (see |22l Proposition II.7.10]). We refer the reader for 
example to [D [181 ED SH] for the dehnition and basic properties of Kahler 
metrics on compact complex analytic spaces. Unless otherwise stated, the 
analytic spaces that we consider are reduced, irreducible, but not necessarily 
normal. 

Lemma 2.2. Let f : X ^ Y be a surjective holomorphic map with connected 
fibers, where X is a compact Kahler manifold and Y is a compact normal 
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Kdhler space with 0 ^ dimy < dimX. Then —Kx is f-ample if and only if 
there exists a Kdhler metric ojy on Y such that /*[wr] — ci{Kx) is a Kdhler 
class on X. 

Proof. Assume that —Kx is /-ample. This clearly implies that the map 
/ is projective, and this in turns implies that / is a Kahler morphism (in 
the sense of m)- More precisely we can find a metric h on —iKx whose 
curvature form w is positive definite on all the fibers, see e.g. [U Lemma 
4.19], [Ml Lemma 4.4] or [48l Proposition 11.1.3.1], and then it follows that 
given any Kahler metric uy on Y there exists A > 0 large enough so that 
Af*ujy -|- a; is a Kahler metric on X (see again m Lemma 4.4] or [481 
Proposition 11.1.3.1]), which is in the class f*[Aujy] — ici{Kx). 

Conversely, if we have that f*[ujy] — ci{Kx) is a Kahler class on X, for 
some Kahler class \ujy] on K, then —Kx is /-ample. Indeed, for every 
fiber F oi f (which may be singular) we have that —Kx\f is a holomorphic 
line bundle with a smooth metric with strictly positive curvature form (in 
the sense of analytic spaces). Grauert’s version of the Kodaira embedding 
theorem for analytic spaces (SOj (see also [H Theorem 1.1]) implies that 
—Kx\f is ample, and this is equivalent to —Kx being /-ample, see e.g. [H 
Proposition 1.4]. □ 

We can now show the easy direction of Conjecture 11.11 namely that on 
every Fano fibration there always exists a solution of the Kahler-Ricci flow 
which collapses in finite time. Given f : X ^ Y a Fano fibration, by 
Lemma 12.21 there exists a Kahler metric ujy on Y such that [wq] = /*[^^y] ~ 
ci{Kx) is a Kahler class on X. Then the Kahler-Ricci flow starting at 
any Kahler metric wq in this class has a finite time singularity at time ^ 
(thanks to the cohomological characterization of the maximal existence time 
of (jl.ip given in |l6l 07105] ) and the total volume of X goes to zero as time 
approaches because the limiting class [cuq] -I- ci{Kx) = f*[ajy] satisfies 
j^{rujyr = o. 

We can also show the easy direction of Conjecture [121 Let / : X —>• K be 
a Fano fibration, and fix wy a Kahler metric on Y (in the sense of analytic 
spaces) as in Lemma [221 so that f*[u}y] — ci{Kx) is a Kahler class on X. 
Then a = f* 0 Jy is a smooth nonnegative real (1,1) form on X, and so its 
cohomology class is nef (it is the limit of the Kahler classes [a + ecox] as 
e I 0, where ux is any Kahler metric on X), and satisfies a” = 0 and 
[a] -|- ci(X) is a Kahler class, as required. 

Next we show: 

Theorem 2.3. Conjectures li.il a,nd If . HI a,re equivalent. 

Proof. Since we have just shown that the easy directions of both conjectures 
always hold, it is enough to show that the other directions are equivalent. 
Assume first that Conjecture 11.11 holds, and let [a] € F1^’^(X, M) be a nef 
class with a"' = 0 and with [a] -|- Aci(X) Kahler for some A > 0. Fix a 
Kahler metric uiq in this class, and consider its evolution by the Kahler-Ricci 
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flow (jl.lj) . The class of the evolved metric uj{t) is 

[w(t)] = [wo] - 27rtci(X) = [a] + (A - 27rt)ci(X) = N] + 

For 0 ^ ^ this is a sum of a Kahler class and a nef class, and so 

it is Kahler, while for t = -^ this equals [a] which is nef but not Kahler 
since a" = 0. Then the cohomological characterization of the maximal 
existence time T of O) given in dBHiisnj shows that T = ^ < oo and 
the limiting class is [a]. Therefore the Kahler-Ricci flow uj(t) has finite time 
collapsing, and by Coniecture ll.il X admits a Fano fibration. Also by (11.211 
we can write [wq] = — Aci(Krx) + /*[u;y], for some Kahler metric uoy on Y, 
and so [a] = /*[wy], i.e. (11.311 holds. 

Assume conversely that Conjecture 11.21 holds, and let wq be a Kahler 
metric on X such that the Kahler-Ricci flow dEU) has finite time collapsing 
at time T < oo. The limiting class of the flow is 

[a] = [cjo] - 2TrTci{X), 

which is nef, satisfies a” = 0, and [a] -|- 2TrTci{X) is Kahler. Therefore 
Conjecture 11.21 gives us a Fano fibration f : X ^ Y, and [a] = f*[ujY] for 
some Kahler metric uiy on Y, which shows (ll.2|l . □ 

So we are left to we consider the converse implication in Conjecture 
[ra and so we assume we have a nef class [a] with fj^a^ = 0 and with 
[a] -t- Aci(X) Kahler for some A > 0. Recall that a (1,1) class is called pseu¬ 
doeffective if it contains a closed positive current, and that a holomorphic 
line bundle is called pseudoeffective if its first Chern class is (see e.g. [E])- 
We have the following simple remark (cf. [11( Proposition 4.2]). 

Lemma 2.4. If X^ is a compact Kahler manifold which has a nef class [a] 
with f^a^ = 0 and with [a] -|- Aci(X) Kahler for some A > 0. Then Kx is 
not pseudoeffective, and therefore k{X) = —oo. 

Proof. If Kx is pseudoeffective, then so is the class —Aci(A). The class 
[a] is therefore the sum of a Kahler class and a pseudoeffective class, and 
so it is big (in the sense that it contains a Kahler current m)- But a nef 
and big class always has cY > 0, by (SJ Theorems 4.1 and 4.7], and this 
contradicts our assumption. Also, in general Kx not pseudoeffective implies 
k{X) = —oo, since if k{X) ^ 0 then some power (i ^ 1) is effective, 
and so Kx is pseudoeffective. □ 

A well-known conjecture says that if Kx is not pseudoeffective, then X 
is uniruled (i.e. covered by rational curves). This is proved in [6] in the 
projective case, and is also known in the Kahler case if n ^ 3 by [7]. 

If we assume now that X is projective and [a] G H^{X, Q), so there is an 
integer m ^ 1 such that [ma] = ci(L) for some holomorphic line bundle L, 
then it is well-known that Conjecture 11.21 holds. Indeed, by assumption we 
have that [a] -|- Aci(X) is a Kahler class, and since this is an open condition 
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we may assume that A = | > 0 is positive and rational. Up to increasing m 
we may assume that m\ ^ 1 is an integer, and we fix wq a Kahler metric in 
the class \ma] + m\ci{X). Then we have 

ci(L - Kx) = [wo] + (mA - l)ci{Kx) = ci(L), 

is a Kahler class (since it is sum of a Kahler and a nef class), i.e. L — Kx is 
ample. The base-point-free theorem (see m) then shows that kL is base- 
point-free for some k ^ 1, and so it induces a holomorphic map f : X ^ Y 
onto a normal projective variety Y, so that / has connected fibers and kL 
is linearly equivalent to the pullback of an ample divisor under /. This 
implies that [a] = /*[wy] for some Kahler metric ojy on Y, and since we 
have that = 0, this implies that 0 ^ dimK < dimX. By construction, 

a multiple of —Kx is linearly equivalent to the sum of an ample line bundle 
and the pullback of a line bundle from K, and so / is a Fano fibration and 
(jl.3p holds. 

An extension of this argument deals with the more general case when [a] 
belongs to the real Neron-Severi group 

NS^{X) = (Fi’^(X,M)n//2(x,Q))(8)R. 

This is identihed with the space of R-divisors modulo numerical equivalence, 
and is a subspace of R), in general of smaller dimension. 

Proposition 2.5. Coniecture \1.2\ holds if X is projective and [a] G NS^{X). 
In particular, Conjecture \1.S\ holds if 

H^’^{X) = 0 . 

Proof. By assumption we have a = ci(iA) where D is a nef R-divisor, and 
ci(iA — XKx) is a Kahler class for some positive real number A, i.e. A := 
D — XKx is an ample R-divisor. Then the base-point free theorem for R- 
divisors ED Theorem 7.1] shows that D is semiample, in the sense that 
there exists a surjective morphism f : X ^ Y to a normal projective variety 
Y, with connected fibers, and such that D is R-linearly equivalent to f*H 
where H is an ample R-divisor on Y. Therefore [a] is the pullback of a 
Kahler class on Y, and as before this implies that dimK < dim A. We 
also have that —Kx is R-linearly equivalent to f*H), and so —Kx is 

/-ample. 

For the last item, it is enough to remark that H‘^’^{X) = 0 implies that 
X is projective (an old result of Kodaira), and that = NS^{X) 

(thanks to the Hodge decomposition on H‘^{X,C)). □ 

Corollary 2.6. Conjecture If . HI holds when n = 2. 

Proof. Indeed we have k{X) = —oo by Lemma 12.41 and when n = 2 this 
implies that H^{X,Kx) = H‘^’^{X) = 0, and we conclude by Proposition 

ESI □ 

Finally we deal with the case when n = 3. 
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Theorem 2.7. Coniecture \1.2\ holds when n = 3. 

Proof. We have a nef class [a] with = 0 and with [a] + Aci(X) = 

[wo] for some Kahler metric wq and some A > 0. Recall that Kx is not 
pseudoeffective, by Lemma [2.4l Thanks to the main theorem of [7j it follows 
that X is uniruled, i.e. covered by rational curves. Let X B be the MRC 
fibration of X (constructed in [8] , see also PEZ]), which satisfies dim B <3 
because X is uniruled. 

If dimR = 0 then X is rationally connected (and since it is Kahler, it 
must be projective thanks to [HI Corollaire, p.212]), and so H‘^’^{X) = 0 
and Conjecture 11.21 holds thanks to Proposition 12.51 If dim B = 1 then 
X ^ B is holomorphic everywhere, R is a compact Riemann surface of 
genus at least 1, and the general fiber F is rationally connected (and hence 
again projective). Therefore we have = H‘^’^{F) = 0 and this easily 

implies that H‘^’^{X) = 0 and so Conjecture 11.21 holds in this case as well. 

Therefore we can assume that dimR = 2, and the general fiber F of 
the MRC fibration is isomorphic to CP^. Following [2l], we call a Kahler 
class [a;] on X normalized if JpOJ = 2. We will apply the results of Horing- 
Peternell in |23l [23] , and we are grateful to Andreas Horing for his help with 
the following arguments. 

We consider the Kahler class [a;] = so that ci{Kx) + [w] = ;x[®] is 

a nef class. Let 

2 

/i -p > 0, 

so that ^[u] is normalized. By adjunction we have fpCi(Kx) = —2, and 
since ci {Kx ) + [w] is nef we also have 


{ci{Kx) + w) ^ 0, 


and so /i ^ 1. 

Assume that [w] is not normalized, i.e. that ^ < 1. Thanks to [241 
Lemma 3.3] the class ci{Kx) + is pseudoeffective, and so ci{Kx) + [oj\ = 
(ci(Kx)+I^[w]) + (l~/^)[‘^] is big. Since this equals [a], we get a contradiction 
to the fact that = 0 (using again (5] Theorems 4.1 and 4.7] as in 

Lemma 12.4p . 

Therefore [w] is normalized, and we can then apply [241 Theorem 1.4] 
and obtain a holomorphic map f : X ^ Y onto a normal compact complex 
surface Y, such that / has connected fibers and a curve C <Z X satisfies 
/(C) is a point if and only if J^(ci(Kx) + w) = 0. Therefore —Kx is 
/-nef and its restriction to a generic fiber of / is big. Relative Kawamata- 
Viehweg vanishing for complex spaces [U Theorem 2.1] (cf. [30|) implies 
that Bd f^Ox — Oy for all i > 0, and then [28l Theorem 1] gives that Y has 
at worst rational singularities (the proof there uses Grothendieck duality 
and Grauert-Riemenschneider vanishing, but these have been extended to 
the analytic setting in [321133] and [42] respectively). This in turn implies 
that y is a Kahler space, for example by [19] . 
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From the construction of / in the proof of |24[ Theorem 1.4], we obtain a 
commutative diagram 

r z 


(2.1) P 

X —^ Y 

where F is a compact Kahler manifold (in [23] F is just a compact analytic 
space in class C, but we may replace it with a resolution of singularities), 
p is a modification, Z is a smooth Kahler surface, and p is the contraction 
of an effective divisor E G Z, which is the null locus of a nef and big (1,1) 
class [13] on Z, such that q*[(3] = p*[a]. 

Since Y has rational singularities, it follows from [231 Lemma 3.3] that 
[/3] = ^*[ 7 ] for a (1,1) class [ 7 ] on Y (see e.g. [23| for the definition of 

(1.1) classes on normal analytic spaces). In fact, [ 7 ] is a Kahler class (in 
the sense of analytic spaces). To see this, let K be a Kahler current on 
Z in the class [/3] which is singular only along the null locus of [/3], which 
exists thanks to m Theorem 1.1] (the proof there simplifies vastly in the 
case at hand, since dimZ = 2). Then the pushforward current has 
local potentials everywhere on Y and belongs to the class [ 7 ] thanks to [2^ 
Lemma 3.4], and it is a smooth Kahler metric away from z/(Exc(p)), which 
is a finite set. It is then easy to produce a Kahler metric in the class [ 7 ], 
by modifying the local potentials of near each point in p(Exc(p)) by 
taking the regularized maximum of the local potential and \z\‘^ — C in a local 
chart {C is a sufficiently large constant), see e.g. [HI Lemma 3.1] or [23] 
Remark 3.5]. 

Since p*{f*['y] — [a]) = 0, and p* is injective, we conclude that /*[ 7 ] = [a], 
i.e. (|1.3p holds. In other words, we have obtained that 

-Xci{Kx) = [wo] - f*b], 

which implies that —Kx is /-ample. □ 


3. Finite time extinction 

In this section we prove Conjecture 11.31 when n ^ 3. As we remarked in 
the introduction, it suffices to show that (II.4p implies (II.5|] . 

First, we make the following general observation. 

Lemma 3.1. {X^,u}o) he a compact Kahler manifold, letu}{t) be the solution 
of the Kdhler-Ricci dni), defined on the maximal time interval [0, T) with 
T < 00 , and such that 

(3.1) diam(A, a;(t)) —)• 0, 
as t ^ T. Then we have that 

(3.2) Vol(A,a;(t)) ^ 0, 

as well, so that the flow exhibits finite time collapsing. 
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Proof. As usual let [a] = [wq] — 27rTci{X) be the limiting class along the 
flow. If we had 



then m Theorem 1.5] shows that on the Zariski open set A\Null(a) we 
have smooth convergence of uj{t) to a limiting Kahler metric uit on this set. 
In particular, the diameter of {X,io{t)) cannot go to zero. □ 

From now on we assume that (|1.4p holds. In particular, thanks to [111 
Proposition 4.2] (or Lemma l2.4p . we have that Kx is not pseudoeffective. 
Of course the content of Conjecture 11.31 is to show that the limiting class a 
is zero. 

The following is the main result of this section: 

Theorem 3.2. If Coniecture \l.l\ holds for X. then Coniecture \1.3\ holds as 
well. 


In particular, combining this with Theorem 12.31 Corollary 12.61 and Theo¬ 
rem EH we obtain the proof of Theorem 11.41 We also see that Conjecture 
11.31 holds under the same hypotheses of Proposition 12.51 (a fact which was 
already mentioned in m Remark 1.1]). The proof of this theorem is a 
modification of the arguments in |35j . 


Proof. Thanks to Lemma l3.II we are in the setup of Conjecture 11.11 and so 
we have a Fano hbration f : X ^ Y such that [wq] = —\ci{Kx) + /*[a;y], 
for some A > 0 and some Kahler metric ojy on Y (in the sense of analytic 
spaces). The maximal existence time for the flow is thus T = ■^, and the 
limiting class is [a] = /*[u;y]. Then f*u}Y is a smooth semipositive (1,1) 
form on X (this follows easily from the definition of Kahler metrics and 
holomorphic maps between analytic spaces), in the limiting class [a]. We 
then write 

UJt = —((T - t)u}0 + tf*UJY), 
which are Kahler metrics for all 0 ^ t < T, and we have 

Uj{t) = ^{{T - t)ujQ + tf*ujY) + v^ddipit), 

where (p{t) solves the parabolic complex Monge-Ampere equation 


(3.3) 


ifiO) = 0 


and H is a smooth positive volume form with \^—ldd logH = ^(/*a;y — wq). 
A simple maximum principle argument gives |v?(t)| ^ C on X x [0,T). 
We now want to use the usual Schwarz Lemma argument to show that on 
X X [0, T) we have 

(3.4) 


ooit) ^ C-^ruJY. 
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To prove this, we first claim that at every point where tr^(i) (/*a;y) > 0 we 
have 

(3-5) logtr^(t)(/*wy) ^ Ctr^(t)(/*wy). 

To see this, recall that by definition of a Kahler metric on a compact Kahler 
space, given every point y € T there exists an open neighborhood U of y in T 
with an embedding U ^ , and a smooth and strictly plurisubharmonic 

function rj on C'^, such that cuy equals the restriction of y/—lddr] to U. 
Clearly if y is a smooth point of Y this just says that ujy is a usual Kahler 
metric near y. Therefore if x G X is a point with tr^(j)(/*a;y)(x) > 0 and 
f{x) is a smooth point of Y, then (I3.5p holds near x thanks to a standard 
“Schwarz Lemma” calculation (see e.g. |41l Theorem 3.2.6]). 

If on the other hand we have tr^^(j)(/*a;y)(x) > 0 but f{x) is a singular 
point of Y, then we choose a neighborhood U of f{x) as above, so that ojy 
equals the restriction of y/—lddr] to U. On we then have the com¬ 
posite holomorphic map / : f~^{U) of / and the local embedding, 

such that on f~^{U) we have f*u)y = f*\/—lddrj. Then we can apply the 
same Schwarz Lemma calculation as in HD Theorem 3.2.6], to the holomor¬ 
phic map between Kahler manifolds / : (f~^(U),uj(t)) (C^ 

and (I33|) then holds on f-\U). 

On the other hand we also have 

u)itY 1 1 



provided that t is sufficiently close to T, which we may always assume. 
Therefore, if we choose A large enough, we have that 


uj{ty 


^ (logtr^(t)(/*a;y) - Aip{t)) 

^ -tra;(t)(/*a;y) - tr^(t)Wt - ^log + An, 
at all points where tr^(^) (/*a;y) > 0. Therefore 

- A^ |^logtr^(t)(/*a;y) - Aip{t) - An{T - t){\og{T - t) - 1)^ 

uj{ty 


dt 




- ^log + An, 

which combined with 






T-t 


^^Lo{t)^0 ^ C~ 


oj{tY 


^ ^log 


{T-tyn 

uj{tY 


-c. 
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gives 

(^logtr^(t)(/*wy) - Aip(t) - An(T - t)(log(T - t) - 1)^ 

^ -tr^(t)(f*^Y) + C, 

and a simple application of the maximum principle then gives ()3.4p . 

Lastly, using ()3.4p we can use the same argument as in |35l Theorem 4.1] 
and conclude that if H is a geodesic ball of ojy contained in the regular part 
of Y then the diameter of (as a subset of X) with respect to uj{t) 

is bounded below by a small multiple of the diameter of B with respect 
to ojy, and hence remains bounded uniformly away from zero as t —>■ T, a 
contradiction to our assumption (|1.4|] . □ 

To close, we make two simple observations. 

Remark 3.3. Assuming that (jl.4l) holds, then the main result of [25] shows 
that M) = 0. This of course is consistent with Conjecture 11.31 since 

Fano manifolds have vanishing first Betti number. 

Remark 3.4. To prove Conjecture 11.31 in general, it would be enough to 
show that if (jl.4h holds then the L^-type norm 


Jx 

or the equivalent quantity 


lx 


Lo{t) A a;. 


n—1 
0 > 


goes to zero as t ^ T. Indeed, any of these would imply that 


L 


a Auiq ^ = 0, 


and the Khovanskii-Teissier inequality for nef classes (see e.g. m) 


I a A oJq ^ ^ A Wq ^ 


1 1 
2 / r \ 2 

n 
LOq 


'X 


implies that fj^a^Aug ^ = 0. The result now follows from the Hodge- 
Riemann bilinear relations on Kahler manifolds, proved in m- Indeed, 
following their notation, we set cui = • • • = Un-i ■= woi so that the condition 
aAu;Q~^ = 0 says that a G while the condition Awg“^ = 0 

says that Q{a, a) = 0. Since by [131 Theorem A] the bilinear form Q is 
positive definite on P^’^{X), this implies that a = 0, as required. 
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